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Response of Linear Periodically Time
Varying Systems to Random Excitation

D. A. PRELEWICZ*
Washington University, St. Louis, Mo.

Introduction

R ECENTLY developed stochastic models for the flapping
vibration of helicopter rotor blades1 give rise to the problem

of determining the response of periodically time varying linear
systems to random excitation. Mathematically, the problem is
to determine the statistical properties of a response process
x(t) satisfying

dx/dt = A(t)x + /; A(t) = A(t + T) (1)
where/(t) is a random input process and the matrixv4(£) is given
in terms of system parameters.

In this Note, the class of weakly periodic nonstationary pro-
cesses is shown to arise in a natural way in connection with the
system (1). In particular, it is shown that the steady-state response
of the system (1), if it exists, to a weakly periodic nonstationary
process with period T is also a weakly periodic nonstationary
process with period T.

In Refs. 1-4 both time domain and mixed time frequency
domain methods have been used to calculate response statistics
for Eqs. (1). These relations are generalized within the framework
of weakly periodic nonstationary processes.

Deterministic Case

A solution of Eqs. (1) for t > t0 is (Ref. 5, p. 97)
px(t) = Z(t, t0)x(t0) + Z(t, s)f(s) ds

Jto

where Z(t, t0) is the transition matrix satisfying
dZ/dt = A(t)Z, t> t0 (3a)

Z(t09 tQ) = / (identity matrix) (3b)
Furthermore, the periodicity of A(t) implies that (Ref. 5, p. 106)

Z(t> t0) = P(i)eC(t~to)P ~ \tQ)9 t > t0 (4)
where C is a constant matrix and P(t + T) = P(t). The steady-
state response is given by

(2)

x(t)= P Zft
J — oo

s)f(s)ds (5)

Random Excitation

Letting u = t — s in Eq. (5), using Eq. (4) and taking expec-
tations gives the following expressions for the steady-state mean
and autocorrelation of the output process:

E{x(t)} = Jlx(t) = P(t)eCuP ~ \t - u)Jif(t -

E{x(ti)jxT(t2)} =

(6)

(7)

Rff(t, - MI, t2 - u2)P~1T(t2 - u2)ecT^
Suppose that/(t) exists in a mean square sense and that

Jif(t) = Jif(t+T) (8)
Rff(ti ,t2) = Rff(ti + T, t2 + T) (9)

Such a process is said to be weakly period nonstationary with
period T. It is precisely these processes which are of interest in
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the rotor vibration problem. From Eq. (6), (7), and the periodicity
of P(t) it is apparent that if the steady-state response exists then
it is also weakly periodic nonstationary of period T. Hence linear
periodically time varying systems with period T "preserve"
weakly periodic nonstationary processes of period Tin the same
sense that linear time invariant systems "preserve" weakly sta-
tionary processes.

The periodicity can now be used to simplify the calculation
of the mean and the autocorrelation. From Eq. (2)

= Z(t, t0)flx(t0
Jto

(10)

Using the periodicity of fix(t0)
tM = mt0 + T) = Z(*0 + T, t0)flx(t0) +

rtol Z(t0+T,s)Jif(s)ds

Solving for Jlx(t0) gives

Mt0) = [/ - z(t0 + r.to)]-1 r
Jt0

Now from Eq. (2) we obtain

+ T.

Rxx(ti + T, t2 + T) = Zfo + T, tJRJti9t2 + T) +
r«i + rfJti

(12)

(13)

Rxx(tlft2 + T) = T,t2)

fJt2

Rlf(t1,s2)ZT(t2+T,s2)dS2 (14)

Substituting Eq. (14) into Eq. (13) and using the periodicity
t2) gives
tt + T,t1)Rxx(t1,t2)-Rxlj(t1,t2)ZT(t2 + T,t2) =

J«

Jfi

'fa + T

«2

(15)
+ r

where in the steady state

= f"
* f*1>S2 ~J-CO

P /c /- i 'T1^ _ I
•^T*JC\ 19 2 ' / — I

J-oo

Combining Eqs. (15) and (16)
Z (^i ~h T, ti)Rxx\ti9 ^2)"
p2 + r pi

J t2 J-oo
(•»,+TC« 2 + r

+ Z(tlfs1)^r(s]
Jti J-oo

(Ida)

(16b)

, t2)ZT(t2 + T, t2) =

+ T,s2)dSlds2 (17)

^2+7,52^2^!

where Z(^1,51) in the second integral on the right is

It is convenient to use Eq. (17) to obtain the instantaneous
autocorrelation matrix R^t, t) and to determine Rxx(tlyt2)from

= Z(tl9 t2)Rxx(t2, t2) f f l P2
Z(fi,Si

J*2 J-OO

i)Rff(sl9s2)

ZT(t2,s2)ds2dSl, t,>t2 (19)
obtained from Eq. (2) by letting t0 = t2, postmultiplying by
xT(t2\ taking the expectation and then using Eq. (16b). This
approach gives an explicit expression for R^t^t^.

In the variables T = ^ -12 and C = *i + t2 it is apparent that,
for fixed T, Rxx(t, C) is periodic in C with period 2T. Also, using
Eq. (7) it is easy to show that

JUt,0 = .Rx/(-T,0 (20)
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Hence Rxx(t,{,), is completely determined if it is known on a
a strip 0 <* i < oo, t ̂  f < t + 2T.

In the special case of weakly periodic nonstationary white
noise excitation, i.e.,

%(ti,t2) = F(t1)^(t1-t2) (21)
where F(tx) = Ffo + T) and 3( ) is the Dirac delta function,
Eq. (17) gives

Z - \t + T, OJU', t) - IUt, t)Zr(t + T, t) =

fJt
Z(t9s)F(s)ZT(t + T, (22)

and Eq. (19) reduces to
Rxx(ti,t2) = Z(tl9t2)Rxx(t29t2\t, > t2 (23)

For the white noise case, a differential equation satisfied by
Rxx(t9 t) is given in Refs. 3 and 4. Equation (22) gives the periodic
solution of that equatioa Also, the preceding analysis shows that
the direct time domain approach is not limited to white noise
excitation.

Spectral Density

%(T,£) is, for fixed T, periodic in £ with period 2T. Hence,
if Rfffa C) is absolutely integrable in T, then it is apparent that
Rff(t, 0 has the spectral representation

*, 0= f I ®ff((o,n)eio"eini«/Tdco (24)
n= — oo J — oo

=-Lf°0 I"* Rff^fy-^e-WKdT (25)
47rrj-ooJ-r

Inversion yields

Substituting Eq. (24) into Eq. (7), using Eq. (4) and rearranging
terms gives

J. 7 .£/f rH(t --,= -oo J-oo 1

nn>9n)HT(t29 — + a})dco (26)

where

Z(t9s)easds (27)

Equation (26) is a generalization of the mixed time frequency
relation^ used in Ref. 1 to include weakly periodic nonstationary
excitation.

If Rff(tl912) can be expressed in the product form
*ff(ti, '2) = F(ti)R(ti ~ t2)GT(t2) (28)

where R^ - t2) has a Fourier transform <b(co)9 then

where

H,(t,9-aW>(«))HT
2(t29a>)dco (29)

>

P
HifeAH Z(t,s)F(sy"Asds (30)

J-oo .

_ P

J — oo

Excitation satisfying Eq. (28) is treated in Ref. 3.
It is interesting to note that a direct relationship exists between

the spectral densities of the input and output processes. First
notice that for fixed T, Z(T,£) is periodic in £ with period 2T.
Hence assuming that Z(T, f) is absolutely integrable in T, it has
the same type of spectral representation as Rff(r, 0 namely

oo TOO

n=-oo J-oo
Inverting gives

1 /"on (*T

47CJ J_ 0 0 J_ r

Substituting Eq. (31) into Eq. (7), changing variables tl9 t2 to
T, C, and simplifying using the appropriate Fourier orthogonality
relations yields

(33)

k)n/T9 fc] e"[

Now substituting Eq. (33) into the expression for 3>xx(co9n)
[Eq. (24) with/ replaced by x] yields after simplification

(34)

Conclusions

When viewed within the framework of weakly periodic non-
stationary processes, the steady-state analysis of the random
response of periodically time varying systems is quite similar
to the well known analysis of time invariant systems subject to
weakly stationary excitation. That is, all of the results derived
herein reduce to well known results for linear time invariant
systems subject to weakly stationary excitation. These results
should prove useful in the further development of rotor vibration
models.
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Simplified Conservation Laws for
Finite-Difference Computations
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1. Introduction

FINITE-DIFFERENCE methods have proven to be powerful
techniques for the solution of many fluid dynamical problems,

particularly inviscid flows containing embedded shock waves.
If the difference method is cast in conservation form, then the
same difference equations can be applied at all grid points,
including those at which shock waves are present. Although the
interior structure given to the shock is artificial, the conservation
form of the equations guarantees that the correct shock jump
conditions are satisfied.
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